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ABSTRACT: In groundwater management, the exchanges between groundwater and other water such
as surface water and spring water need to be considered. Some exchange is dependent on the groundwater level, which is called covariate. The pumping rate, groundwater level, and covariate interact and
the relation of mutual-feed joint-variation is used to describe their interaction. This article presents a
new approach of dealing with the relation in groundwater management model. The mathematical formulation of the relation, as an additional equality constraint in the optimization model, is developed
using response matrix method. Thereby the groundwater management model with covariate is set up.
The code for the simulation and management of groundwater system with covariate is programmed
with Fortran 90, and the optimal pumping rate, groundwater level, and covariate are obtained. The
approach is verified with a hypothetical case. Finally, the approach is applied to the groundwater
management of Qianguo (前郭) area in western Jilin (吉林) Province. The results indicate that the approach is feasible. It provides a universal solution for various covariates and reduces the computational
complexity compared to iteration method. The approach is proven to be very efficient to solve groundwater management problem with covariate.
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INTRODUCTION
The research on groundwater management model
dates back to the 1950s. During this period, the
groundwater system was treated as lumped parameter
system, and the method used was mainly mathematical programming. In the 1970s, the presence of response matrix method (Deininger, 1970) and embed-
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ding method (Aguado and Remson, 1974) solved the
establishment of groundwater management model of
distributed parameter system. In the 1980s, water resources management model was established throughout the world, such as America, Japan, China, and India. In the 1990s, with the rise of people’s attention on
environmental problems and the development in operational research algorithm, groundwater management model has made a considerable progress at
management content and modeling method, and
scholars began to study more practical management
model (Rejani et al., 2009; Psilovikos, 2006; Lall and
Lin, 1991). Also from this period, some scholars made
descriptive researches on previous work of groundwater management model and predicted the development tendency (Bredehoeft et al., 1995; Wagner,
1995).
The exchanges between groundwater system and
the surrounding environment need to be considered in
numerical simulation and optimal management of the
groundwater system. Two categories of exchanges are
defined. The first category is that its amount can be
given artificially in some condition, such as pumping.
The second category is that its amount strictly depends
on the groundwater level, such as river discharge,
spring discharge, drain discharge, and evaporation,
which is called covariate. The interaction among
pumping, groundwater level, and covariate is called
relation of mutual-feed joint-variation. The covariate
has the characteristics that its value is dependent on
the groundwater level and the covariate and groundwater level interact. In addition, the value of some
covariate, such as spring discharge, drain discharge,
and evaporation, becomes zero when the groundwater
level declines below a specified reference elevation.
Due to its particularity, it is necessary to treat covariate in a method different from that of pumping in
simulation and management model of groundwater
system. For example, pumping can be given in advance in the prediction stage and then run the model to
calculate the corresponding water level; if do the same
with covariate, the covariate calculated from the water
level is not the one given in advance because of their
interaction.
In groundwater simulation model with covariate,
researchers have used some methods to handle the
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covariate, such as iteration method, Cauchy boundary
condition, and MODFLOW code (Rodríguez et al.,
2006; de Lange, 1999; Restrepo et al., 1998).
In groundwater management model with covariate, the optimized pumping rate, groundwater level,
and covariate are all unknown and they affect one another. Several researchers have used constraints requiring that the covariate remain above a specified
level (Barlow et al., 2003; Ahlfeld and Minihane,
2002; Basagaoglu and Marino, 1999; Lall, 1995;
Reichard, 1995; Mueller and Male, 1993). However,
they did not consider the relation of pumping rate,
groundwater level, and covariate. The covariate was
expressed as a piecewise-linear function of the
groundwater level (its derivative is not continuous) by
Gharbi and Peralta (1994) and Takahashi and Peralta
(1995), which enabled the simulation model and optimization model to be iterated until it reached the convergence criteria. However, an enormous computation
is required for the groundwater management model
when there are large-scale, multiple time steps and
multiple covariates. Attempts were made to solve this
kind of problem by Lu (1994), adding decision variable and equality constraint in groundwater management model with response matrix method; however, it
is only for a particular case, and a universal solution is
not found for different types of covariate (such as
river discharge, drain discharge, and evaporation).
In this article, we establish an approach of dealing with the relation of mutual-feed joint-variation in
groundwater management model. The change of covariate caused by pumping is considered as a decision
variable. A mathematical formulation of the relation
of mutual-feed joint-variation, as an additional equality constraint in the optimization model, is developed
using response matrix method. The code for the simulation and management of groundwater system with
covariate is programmed with Fortran 90, and the optimal pumping rate, groundwater level, and covariate
are obtained. The approach can enhance the accuracy
of management model and provide an efficient way
for solving groundwater management problem with
covariate.

Approach to the Relation of Mutual-Feed Joint-Variation in Groundwater Management Model

GROUNDWATER
SIMULATION
MODEL
WITH COVARIATE
Mathematical Formulation of the Relation between
Covariate and Groundwater Level
River discharge
 KLW
(1-1)
h  ZB
 M (h  H R )
QR  
 KLW ( H  Z ) h  Z
(1-2)
R
B
B
 M
where QR is the river discharge (L3T-1), K is the vertical hydraulic conductivity of the riverbed sediments
(LT-1), L is the length of the river (L), W is the width
of the riverbed (L), M is the thickness of the riverbed
sediments (L), h is the groundwater level (L), HR is
the water level in the river (L), and ZB is the bottom
elevation of the riverbed (L).
Spring discharge
(2-1)
C (h  Z S ) h  Z S
QS   S 0
h  ZS
(2-2)
0
where QS is the spring discharge (L3T-1), CS0 is a coefficient (L2T-1), and ZS is the surface elevation of the
spring (L).
The equation of drain discharge (QD) is similar to
QS.
Evaporation
h  ZS
(3-1)
QM

h  (Z S  d )

QE  QM
ZS  d  h  ZS
(3-2)
d

(3-3)
h  ZS  d
0
where QE is the evaporation (L3T-1), QM is the maximum evaporation (L3T-1), ZS is the surface elevation
(L), and d is the maximum depth of evaporation (L).
From Eqs. (1)–(3), it can be seen that when h is
in a certain range (e.g., Eqs. (1-2) and (3-1)), covariate
is a constant and can be treated in the same as pumping; when h is below a certain elevation (e.g., Eqs.
(2-2) and (3-3)), covariate is zero and can be neglected.
Therefore, this article focuses on discussing the
method of dealing with the covariate in groundwater
simulation and management model in the case that the
covariate changes with h (e.g., Eqs. (1-1), (2-1), and
(3-2)).
For easy description, Eqs. (1-1), (2-1), and (3-2)
can be expressed as
Q=C(h–Z)
(4)
3 -1
where Q is the covariate (L T ), C is a coefficient
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(L2T-1), and Z is the elevation of the discharge point
(L).
Establishing and Solving the Groundwater Simulation Model with Covariate
A 2D transient groundwater flow system in heterogeneous and isotropic unconfined aquifer was used
to illustrate the problem. It is assumed that the thickness of aquifer is very big. Then, the change in the
groundwater level can be negligible; therefore, the aquifer can be considered as confined aquifer. With this
condition, the mathematical formulation of groundwater simulation model with covariate can be written
as
h

h

 x (T x )  y (T y ) 

( x, y )  D, t  0
(5-1)
h


P

W




t
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T h  q ( x, y, t )
( x, y )   2 , t  0
(5-4)
 n 

where Eqs. (5-2), (5-3), and (5-4) represent the initial
condition, Dirichlet boundary condition, and Neumann boundary condition, respectively; D is the
simulated domain; t is time (T); T is the transmissivity
(L2T-1); h is the groundwater level (L); ε is the precipitation infiltration strength (LT-1); P is the controlled input variable (LT-1), such as pumping and recharge; μ is the specific yield (-); h0(x, y) is the initial
groundwater level (L); Γ1 is the specified head boundary; h1(x, y, t) is the groundwater level at Γ1 (L); Γ2 is

the specified flux boundary; n is the outer normal
direction of Γ2; q(x, y, t) is the flux at Γ2 (L3T-1); and
W is the covariate strength (LT-1), including river discharge (WR), spring discharge (WS), drain discharge
(WD), and evaporation (WE). The expressions are as
follows
K
WR 
(h  H R )
h  ZB
M
(6)
WS  CS (h  Z S ) h  Z S
(7)
1

2

h  (Z S  d )
(8)
ZS  d  h  ZS
d
where εM is the maximum evaporation intensity (LT-1).
Equation (5) is solved by Galerkin finite element
method (Xue and Xie, 2007; Chen and Tang, 1990);
WE   M
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thus, the water table can be obtained. The average rate
of covariate in the period can be gained by substituting h into Eqs. (1)–(3)
nc





h   h j (0)  h j (t ) 2nc

(9)

j 1

where hj(0) is the groundwater level of node j at initial
time (L); hj(t) is the groundwater level of node j at the
end of the period (L); and nc is 1 for linear covariate
and is the total number of the nodes with covariate for
planar covariate.
Thus, the groundwater simulation model with
covariate was established, and the groundwater level
and the covariate were obtained.
The code of groundwater simulation with covariate is programmed with Fortran 90. In the case of covariate is equal to zero, an integer control variables
(e.g., K) was defined. First, let K=1, when the covariate is positive at the period t, the groundwater level at
the node with covariate is above the reference elevation; with K=1, continue to calculate the next period.
When the covariate is negative at period t, the
groundwater level at the node with covariate is equal
to or below the reference elevation; with K=0, recalculate this period and skip the subroutine with the effect of covariate. After that, let K=1, continue to calculate the next period.
GROUNDWATER MANAGEMENT MODEL
WITH COVARIATE
The most popular methods for coupling the
simulation and optimization models are embedding
method and response matrix method. The theoretical
basis of embedding method is perfect. However, it
treats groundwater level and pumping rate as decision
variables without considering their interaction, which
results in “dimensionality disaster”. Therefore, embedding method has some limits in solving large, transient groundwater management problem (Peralta and
Datta, 1990). In contrast, in response matrix method,
the state variables, which need to be controlled in optimization models, are expressed by controlled input
variables, thereby greatly reducing the unnecessary
constraint or decision variable. Therefore, the response matrix method is more suitable for large-scale,
transient groundwater management problem. Therefore, in this article, we adopted the response matrix

method to establish the groundwater management
model with covariate.
Solution of Unit Impulse Response Function
Equation (5) is nonlinear. In order to solve the
unit impulse response function, it is decomposed as
natural flow model (Eq. (10)) and artificial flow
model (Eq. (11)).
H

H

 x (T x )  y (T y )   

( x, y )  D , t  0
H

Wn   t
(10)
 H ( x, y, t )  h0 ( x, y )

(
x
,
y
)
D
t 0

 h1 ( x, y, t )
H
(
x
,
y
,
t
)
( x, y )  1 , t  0

1
 H
T   q( x, y, t )
( x, y )  2 , t  0
 n 2

S

S

 x (T x )  y (T y )  P 

( x, y )  D , t  0
S

Wa   t
(11)
 S ( x, y , t )  0
( x, y )  D
t 0

( x, y )  1 , t  0
S ( x, y, t ) 1  0
 S
T   0
( x, y )  2 , t  0
 n 2
where Wn and Wa are the covariate component of the
natural flow and artificial flow, respectively (LT-1).
Now, it comes how to define Wn and Wa in order
to meet the requirements of Wn+Wa=W for different
types of covariate.
For river discharge,
K
K
(12)
Wn 
( H  H R ) , Wa 
S
M
M
For spring discharge,
(13)
Wn  C S ( H  Z S ) , Wa  C S S
For evaporation,
H  (Z S  d ) ,
S
(14)
Wa   M
Wn   M
d
d
Substituting Eqs. (12)–(14) to Eqs. (10) and (11),
the unit impulse response function is obtained by
solving with finite element Galerkin method.
Mathematical Formulation of the Relation of
Mutual-Feed Joint-Variation in Groundwater
Management Model
By solving Eq. (10), the groundwater level and
covariate under natural conditions can be obtained.
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The situation becomes complicated while considering
the impact of pumping. Pumping not only affects both
the water level and the covariate. Moreover, the
change of covariate will have influence on the water
level. This change is induced by pumping, so it can be
treated as a decision variable of the management
model.
The water level drawdown of node i caused only
by the pumping is
m

n

S1 (i, n)    (i, j , n  k  1)Q ( j , k )

(15)

j 1 k 1

where S1(i, n) is the water level drawdown of node i
caused only by the pumping (L); β(i, j, n–k+1) is the
unit impulse response function (TL-2); and Q(j, k) is
the average pumping rate of node j at time k (L3T-1).
Pumping will cause the decline of water level;
consequently, the covariate will decrease. Equation
(15) supposes that the covariate remains constant during the period, which is not true. Therefore, the actual
water level drawdown is smaller than that obtained by
Eq. (15). The increase of the water level caused by
covariate is
nc

n

S 2 (i, n)    (i, l , n  k  1)Qc (l , k )

(16)

l 1 k 1

where S2(i, n) is the water level increased by the
change of covariate (L); nc is the number of nodes
with covariate; and Qc(l, k) is the change of covariate
of node l at time k caused by pumping (L3T-1).
The actual water level drawdown caused by the
pumping and covariate is
(17)
S (i, n)  S1 (i, n)  S 2 (i, n)
where S(i, n) is the water level drawdown caused by
the pumping and covariate (L).
The actual groundwater level is
(18)
h(i, n)  H (i, n)  S (i, n)
where h(i, n) is the groundwater level under the effect
of pumping and covariate (L) and H(i, n) is the
groundwater level of node i in period n obtained by Eq.
(10) (L).
Substituting Eqs. (15)–(17) to Eq. (18), we can
obtain
m

n

h(i, n)  H (i, n)    (i, j , n  k  1)Q( j , k )
j 1 k 1

L

n

(19)

   (i, l , n  k  1)Qc (l , k )
l 1 k 1

In this section, we will derive the mathematical
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formulation of the relation of mutual-feed
joint-variation in groundwater management model.
From Eq. (4), we can obtain
(20)
Q (l , n)  C ( h(l , n)  Z )
while
(21)
Q (l , n)  Q0 (l , n)  Qc (l , n)
where Q0(l, n) is the covariate of node l in period n
obtained from Eq. (10) (L3T-1).
From Eqs. (20) and (21), we can get
(22)
Q0 (l , n)  Qc (l , n)  C (h(l , n)  Z )
Substituting Eq. (19) into Eq. (22), we can obtain
the mathematical formulation of the relation of
mutual-feed joint-variation in groundwater management model
m n

Q0 (l , n)  Qc (l , n)  C  H (l , n)    (l , j , n  k  1)
j 1 k 1

nc n

(23)
Q( j , k )    (l , r , n  k  1)Qc (r , k )  Z 
r 1 k 1

Establishing and Solving of the Groundwater
Management Model with Covariate
In groundwater management model with covariate, the relationship among pumping, covariate, and
groundwater level should be taken into account in order to ensure that the relation of mutual-feed
joint-variation remains unchanged during the optimization process. Therefore, Eq. (23) is added to the op-
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Figure 1. Schematic map of the study area.
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timization model as an additional constraint; in combination with other constraints and the objective function, the groundwater management model with covariate is established. By solving this model, the optimized pumping rate and the change of covariate can
be obtained. The optimized groundwater level can be
obtained by the response matrix. According to Eq.
(21), the covariate under the influence of pumping can
be gained. Thus, the optimized pumping, groundwater
level, and covariate can be obtained. The above calculation process is programmed with Fortran 90.
In order to highlight the key problem, the hypothetical area was used as an illustrating case. It is assumed that the study area is a confined square with 10
km length and width (see Fig. 1). The western boundary is a lake; the northern, eastern, and southern
boundaries are all impermeable boundary. Supposing
the water quality of the lake is poor, it is necessary to
keep groundwater level away from 1 and 2 km the
lake not lower than 32.0 and 33.5 m, respectively, to
avoid pollution of groundwater. Pumping at node
10–18 to supply the user of node 14, the total water
demand is 5×106 and 5.5×106 m3/a in the first and
second years. The unit water delivery cost is 10 000
yuan/106 m3 and increases with the distance from
pumping node to the user. The growth rate is 10 000
yuan/106 m3 km. The objective is to minimize the water delivery cost under the above conditions.
The groundwater system in the study area can be
Table 1

described by Eq. (5), where P=0 and q(x, y, t)=0.
Equation (5) was solved by Galerkin finite element
method. The study area was discretized with triangular
element, and the mesh has 200 elements and 121
nodes.
Equation (24) can be employed to describe the
groundwater management model with covariate in the
study area

2 18
min Z c    c j Q( j, n)

n 1 j 10

9 n
11 n
 H (i, n) 
 (i, j, n  k  1)Q( j , k )    (i, l , n  k  1)


j 1 k 1
l 1 k 1

i  1,2,,18; n  1,2
Qc (l , k )  hc (i )
 18

n  1,2
  Q ( j , n)  D ( n )
 j 10

m n

Q0 (l , n)  Qc (l , n)  C  H (l , n)    (l , j , n  k  1)Q( j, k )

j 1 k 1


nc n


l  1,2,,11; n  1,2
   (l , r , n  k  1)Qc (r , k )  Z 
r 1 k 1


Q( j , n)  0
j  10,11,,18; n  1,2

(24)
where Zc is the total water delivery cost (yuan/a); n is
time period; j is the node for pumping; cj is the water
delivery cost of node j (yuan/m3); Q(j, n) is the pumping rate of node j in period n (m3/a); hc(i) is the controlled water level of node i (m); and D(n) is the water
demand of the user in period n (m3/a). The meanings
of other symbols are the same as above.

Optimal pumping rate (m3/d)

Groundwater management model with

Groundwater management model established by embed-

covariate

ding method

Pumping node
Period 1

Period 2

Period 1

Period 2

10

0

0

0

0

11

0

3 088.25

0

3 089.94

12

1 467.32

2 213.37

1 467.32

2 212.75

13

3 524.98

1 616.66

3 524.98

1 616.17

14

2 884.89

1 107.78

2 884.89

1 107.44

15

3 258.88

1 644.47

3 258.88

1 644.30

16

2 562.55

1 937.54

2 562.55

1 937.48

17

0

3 460.43

0

3 460.41

18

0

0

0

0

Total pumping rate

13 698.6

15 068.5

13 698.6

15 068.5

Minimum water delivery
cost

51 793.42

51 794.92
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H(i, n) and Q0(l, n) can be obtained by solving Eq.
(17), with 106 m3/a as the unit pumping rate (unit impulse); we can obtain β(i, j, n-k+1) and β(i, l, n-k+1)
using Eq. (18). In Eq. (31), Q(j, n) and Qc(l, k) are decision variables, and other variables are all known.
Program running outputs the optimal pumping rate
(see columns 1–3 of Table 1), the groundwater level,
and the change of covariate. The minimum water delivery cost is 189 050 yuan/a. The covariate after optimal pumping is listed in Table 2.
Table 2
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River inflows from southeast and outflow to northwest
of the study area, and the annual runoff and flow is
146.32×108 m3 and 464 m3/second, respectively. The
Longkeng springs are located at the highest place of
Songliao plain and are part of the watershed between
Songhua River and Liao River water system. There is
no surface runoff around the Longkeng springs. It is
recharged by precipitation, and the recharge condition
is good. The flow of Longkeng springs is very large,
which is more than 0.5 m3/second, and the water quality is very good.

Covariate after optimal pumping (m3/d)

Period River discharge Spring discharge Drain discharge
1

1 385.30

2 556.53

2 425.52

2

1 424.65

1 042.38

1 001.06

In order to validate the approach presented in this
article, the management model was built also with the
embedding method, which takes the whole groundwater simulation model by considering the relationship
between covariate and groundwater level, as the constraints of the management model. Therefore, there is
no doubt that the groundwater management model established with embedding method is true. The optimal
pumping rate in this article is almost the same as that
obtained by embedding method (see Table 1), and the
mean absolute error is 0.282 m3/d, which illustrates
that the groundwater management model with covariate is correct.
APPLICATION
The approach is applied to Qianguo area in western Jilin Province (see Fig. 2). It is located at
124°38′–125°05′ east longitude and 44°50′–46°16′
north latitude. The length of north-south is 49.7 km,
the width of east-west is 35.6 km, and the area is
1 240 km2. The quaternary porous water in the study
area mainly occurs in sand and sand and gravel of
middle, upper, and lower Pleistocene series and Holocene series strata. The groundwater level is mainly affected by the climate, irrigation leakage, and artificial
pumping. The goal aquifers are quaternary porous
unconfined and confined aquifer.
The covariates in the study area are the exchange
of the second Songhua River and groundwater and the
discharge of Longkeng springs. The second Songhua

Sec
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1

So

ng

hu

a

R

2

iv

er

3
5

4

Longkeng
springs

Figure 2. Range of the study area and management
area division. 1–5. Management subarea.

The study area is divided to five management
subareas (see Fig. 2) based on the natural boundary of
the hydrogeologic unit and the buried and cycling
conditions of groundwater. The management time is
from 2010 to 2011, with 1 year as a management period.
Objective Function
The objective function is to maximize total
pumping rates of subareas
m

n

max Z   Q(i, k )

(25)

i 1 k 1

where Q(i, k) is the groundwater pumping of subarea i
at period k (m3/d), m is the sum of subareas, and n is
the sum of management periods.
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Constraints
Water level constraint
The water level constraint is to prevent the
drawdown at objective nodes exceed the maximum
allowable drawdown
S(j, k)≤Smax(j)
(26)
where S(j, k) and Smax(j) are the water level drawdown
of node j at period k and the maximum allowable
drawdown of node j, respectively.
Water quantity constraint
The water quantity constraint is to ensure the
pumping rate meet the planning water demand and not
exceed the permitted pumping rate of the aquifer
m

D(k )   Q(i, k )  Dmax (k )

(27)

i 1

where D(k) and Dmax(k) are the planning water demand of period k (m3/d) and the permitted pumping
rate at period k, respectively.
Environment constraint
The environment constraint is to guarantee the
normal discharge of springs and maintain certain
situation in rainy season
QA≥QAmin
(28)
where QA is the springs discharge and QAmin is the
minimum flow to guarantee the normal discharge of
springs.
Constraint of the relation of mutual-feed jointvariation
This constraint is to ensure that the relation of
mutual-feed joint-variation remains unchanged during
the optimization
m n

Q0 (l , n)  Qc (l , n)  C  H (l , n)    (l , j, n  k  1)
j 1 k 1

nc n

(29)
Q ( j , k )    (l , r , n  k  1)Qc (r , k )  Z 
r 1 k 1

Nonnegative constraint
Q(i, k)≥0
(30)
The objective function Eq. (25) and the constraints Eqs. (26)–(30) constitute the groundwater
management model of the study area.
The optimal pumping rate (see Table 3), the
groundwater level, and the covariate (see Table 4) are

calculated by running the program.
Table 3

Optimal pumping rate in management subarea
(104 m3/a)

Subarea

Period 1

Period 2

1

1 190.86

1 250.26

2

1 364.29

1 470.90

3

659.41

724.74

4

1 144.81

1 208.14

5

1 161.20

1 261.69

Table 4

Covariate after optimal pumping (104 m3/a)

Covariate

Period 1

Period 2

River discharge

2 325.03

2 231.47

Longkeng springs discharge

1 864.57

1 743.48

The optimization results show that if the exploit
layout is well planned, it can meet the water demand
and does not cause large-scale cone of depression and
dry up of spring. The groundwater pumping rate of the
study area and the layout of pumping wells were optimized through the management model, which provide a basis for the sustainable development of the
groundwater in the study area.
CONCLUSIONS
(1) The mathematical formulation of the relation
between covariate and groundwater level is developed
and is integrated into the numerical simulation model
of groundwater system. The simulation model with
covariate is set up, and the numerical solution is
computed with Galerkin finite element method.
(2) In groundwater management model, the
change of covariate caused by pumping is considered
as a decision variable. The mathematical formulation
of the relation of mutual-feed joint-variation is developed using response matrix method and is then added
to the optimization model as an additional equality
constraint. Combined with other constraints and the
objective function, the groundwater management
model with covariate is established.
(3) The code for the simulation and management
of groundwater system with covariate is programmed
with Fortran 90, and the optimal pumping rate,
groundwater level, and the covariate are obtained.

Approach to the Relation of Mutual-Feed Joint-Variation in Groundwater Management Model

(4) The groundwater management model with
covariate of a hypothetical groundwater system is
built. The optimal pumping rates are compared with
that of groundwater management model built with
embedding method, and the results indicate that they
are almost the same, and the mean absolute error is
0.282 m3/d, which validated the approach proposed in
this article.
(5) The developed approach is applied to the
groundwater management of Qianguo area in western
Jilin Province. The results show that the approach is
feasible. The approach provides a universal solution
for various types of covariate and reduces the computational complexity compared to iteration method. The
approach will enhance the accuracy of management
model and will be of great benefit for groundwater
management model with covariate.
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